In a one-dimensional many boson system described by the Hamiltonian, (1.1) the eigenvalue problem has been solved exactly in previous papers l ),2) (hereafter referred to as I, II). For arbitrary quantum numbers ql ~ q2 ~ ... ~ qn, the eigenstate and eigenenergy are given by (1 '3) where d (Pi,j; ki,j) = -k i,) (Pi,j -ki,j), Pj,i = -Pi,j, kj,i = -ki,j (1 ~ i < j ~ n), ki,j are uniquely determined by (2' 26) in I, and j3q" .. ,qn denotes the normalization constant.
In the limit g--->=, ki,j and j3q,,· .. ,qn reduce to
In our third paper 3 ) (hereafter referred to as III), a unitary operator U, which transforms free eigenstates for a noninteracting system into the exact eigenstates (102), has been successfully constructed (see (3 °10a) , (2' 3a) , (2 ° 2) The unitary transformation leads to the introduction of the creation and annihilation operators of an exactly drossed particle with momentum p, as
Then, the eigenstate (1°2) is simply expressed in terms of the dressed operators Aq* by (see (4°11) in III) 
On the other hand, Lenard et aI. (1°11) g_oo although their calculations for (1°11) have been carried out in the first quantized form. 6 ) In § 2, the result (1°11) is confirmed from the second quantized form. Section 3 is devoted to showing that the unitary operator U is invariant under any Galilei-transformation. Owing to this fact, the dressed operator Ap * has the same transformation property, G( v )Ap * G*( v) = Ap+mv, as that of the bare opera-
operator with a relative velocity v.
The main purpose of this paper is to investigate the properties of the excita- 
where use of 0-4) and 0-5) has been made, the symbol ~I' indicates the summation over all permutations j1 = C;,. ~;. :::: ::J and 0 (p, q) implies the Kronecker deltafunction oP.q. Noting the relation which is derived from the definitions below 0-3), one has n n n xO(~pJ.j,p)rrO(~p~I'I'j, Pl,j).
For brevity, let us introduce the following notations: (2) (3) (4) Then, we have 
where we have made use of 0-4) (note cs,t = 1 for s< t) and the formula (2-14)
of III, i.e., 
where we have used the relations
Substitution of (2·16) in (2·5) yields
IlL.
where we have made use of 
Then the expression (2·18) is rewritten by
where det( d,m(x» indicates a determinant of the n x n matrix (d~ln(x»,
and det(Cs-t(a)) denotes a determinant of the (n-l)X(n-l)
Toeplitz matrix, of which elements are given by a 2
Ct(a) = 201,0 cos 2-01,1 -01,-1 +J[
(2'22)
Then, we have
The (2, 25) for dressed bosons, and thus it should be emphasized that the ground state is not the condensed state of the bare bosons but that of the dressed bosons with zero momentum in one-dimensional many boson system. This property will also be kept presumably even in the three-dimensional system. § 3.
Galilei-invariance of the unitary operator
As has been shown in III, the unitary operator U has been constructed in a coordinate system of inertia S. It is not trivial whether the unitary operator U' in another coordinate system S' is identical with U. In this section we will show that the operator U is invariant under a Galilei-transformation G( v) from 5 to S', that is, G( v) UG( v)* = U, where v is the relative velocity between 5 and 5'.
As is shown in Formula C of the Appendix, the Galilei-transformation is given by (3'1) where the velocity v= (27rh/mL) x integer, and
Pl~P2-;;;;""~Pn i=l i=l (3'2) in which Qlq"qz,··,qn denotes the normalization factor defined by (2' 2) in III. By using the formula C, the Galilei-transformation for the operator Un of (1.7) becomes n n
{Pi.i;l~l<J;;2;nr l~z<J~n
where q/ = qi + mv( i = 1, "', n). Since the parameters ki,j have been uniquely determined as the functions of si=q;+l-qi(i=l, "', n-l) in § 3 of I, we obtain
where S/=q;+l-q/. Noting that (3'5) and substituting (3'4) and (3'5) (3'6) which is identical with (I. 7), that is,
As readily seen from the definition 0'6) of U and (3'7), the Galilei-transformation for U is which indicates that the operator U is invariant under Galilei-transformation. By virtue of the Galilei-invariance (3) (4) (5) (6) (7) (8) for U, the dressed operators Ap * and Ap are transformed as (3) (4) (5) (6) (7) (8) (9) since (3 -8) and (1) (2) (3) (4) (5) (6) (7) (8) . From (3 -9) one can readily see for the exact eigenstate (1-9) that C(v)llql, ... , qn::?>=llql+mv, ... , qn+mv::?>. (3) (4) (5) (6) (7) (8) (9) (10) Hence, the ground state (11 /nT)( Ao *)n 10> is transformed as (3) (4) (5) (6) (7) (8) (9) (10) (11) This means clearly that the ground state in a moving n-boson system with velocity v is the condensed state of the dressed bosons with momentum mv.
In closing this section, let us show that the Galilei-transformation for the Hamiltonian (1-1) is obtained by using Formula C as
From (3-12) and the Galilei-invariance (3-8) of U, the Hamiltonian fi(A*, A) expressed in terms of the dressed operators Ap * and Ap in (4 -20) of III is shown to be transformed as
We first investigate the energy of an exactly dressed boson with momentum p, which is defined by the increased energy of the system when the single dressed boson is added to the system specified by the state Ilql,"··,qn::?>. The first purpose of this section is to show that the energy of a dressed boson depends not only on its momentum p but also on the quantum numbers ql, ... , qn, namely, the number distribution {nq} of exactly dressed bosons of the state. On the other hand, the single excitation energy of the system, which is different from the energy mentioned above, is defined by the increased energy of the system when a dressed boson with zero momentum is excited to have momentum p. The second purpose of this section is to point out that the phonon character of the single excitation energy is lost drastically with disappearance of the zero momentum condensate of dressed bosons. 
where use has been made of (4' 2) and (4' 20) in III. It should be noted that the right·hand side of (4'4) has a nonlinear form with respect to Aq* and A q, and has a quite different form from the linear form on the right-hand side of (4'3). This nonlinearity yields the Qi-dependence of wp( QI, "', Qn) in (4' 2). If we introduce operators ap * satisfying (4' 3) in solving the many body problem, the energy vp cannot have such state-dependence as wp( QI, "', Qn) in (4·2). In other words, there does not exist any interaction between the additional quasi-particle described by ap * and the original n quasi-particles. (4) (5) (6) where use of (2 -27) and (2 -30) in I has been made. From (4 -2), the energy wp( {nq}) of a dressed boson with momentum p can be rewritten in terms of { nq} by
Y nq , (4) (5) (6) (7) (8) (9) where we have used ~q71q = n and the function c( q -p) is defined as
The last term in (4) (5) (6) (7) (8) (9) can be neglected in the limit }1-->= and L-->= for a fixed number density p = n/L. Separating out the number 710 of dressed bosons with zero momentum in (4-9), we have
for P< 0, and This energy indicates the increased energy of the system, when the momentum of one exactly dressed boson in the sea composed of n -1 dressed bosons is changed from zero to p. In terms of the number distribution, the excitation energy can be written as (4'14b) where it should be noted that ~qnq = n in the case of (4'13a, b, c), but (4'15) in the above case (4 ·14b). Changing n by n -1 in (4'13a, b, c) and introducing them in (4'14b), we obtain
for p~O, and
for p< O.
We now investigate in detail the properties of the excitation energy expressed by (4·16a. b). (Case 1) Let us first consider the case when the number of the excited dressed bosons in the system is negligibly small compared with the total number n, (Case 2) Next let us consider the case when the number of the excited dressed bosons cannot be neglected and the distribution is an even function of q, that is,
In this case! the excitation energy (4 '16a, b) becomes Note that the phonon velocity c is given by the same formula as (4-23), because 2 + Q' > I due to (4 -25) . Furthermore it should be pointed out that the power (2 + Q') of the second term in (4 -26) can be smaller than 2 for the distribution nq with -I < Q' < O. In this case, the excitation energy versus momentum for small Ipi does not have the spectrum of a free particle in the limit po -> O. In this way, it has been clarified that the excitation energy of the exactly dressed boson has the strong dependence on the distribution of dressed bosons. The drastic disappearance of phonon character in the limit po -> 0 in the onedimensional system will play an important role even in the analysis of the phenomena in liquid helium II. This opinion will be discussed in the next section. § 5_ Discussion
We discuss some characteristic phenomena of liquid He-II on the basis of the results obtained in I, II, III and the present paper. For this purpose, let us summarize our results: The one-dimensional many-boson system has been described completely with the concept of the exactly dressed boson. The dressed boson has the following properties. i)
They obey bose-statistics (see (4 -2) 
in III). ii)
Their total number is conserved (see (4 -9) and (4 -20) 
in III). iii)
The ground state is the condensed state of all dressed bosons with zero momentum (see (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) 
in III). iv)
The energy of a dressed boson depends strongly upon the number distribution of the other dressed bosons (see (4-13a, b, c) ). v)
The phonon velocity decreases as po becomes small, and in the limit no/n --; 0 the excitation of the exactly dressed boson loses phonon character (see (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) and (4-26)). London 8 ) has pointed out that in the system of noninteracting many bose particles there does exist a phase transition which arises due to the Bose-Einstein condensation of the bare bose particles. On the basis of the model, he gave the microscopic foundation for two-fluid model in Liquid He-II qualitatively, but could not explain its superfluidity. Landau,9) on the other hand, has succeeded in the interpretation of the superfluidity at zero temperature and the behavior of the specific heat at temperature lower than the t1-point by assuming the existence of the phonon-roton excitation spectrum. In his theory, however, the microscopic foundation for the super component is not clarified, and the logarithmic diver-gence of the specific heat at the A-point is not explained.
As easily seen from the matters mentioned above, both theories do not bear the overall explanation of the phenomena in Liquid He-II. Observing the properties of the exactly dressed bosons, on the other hand, we can see that the present theory holds the point of advantage in both theories. If one can introduce the dressed bosons·)·**) with interaction cloud in a three-dimensional many boson system, one will be able to explain the characteristic properties of Liquid He-II qualitatively as follows. According to the bose nature of the dressed bosons and the conservation of their total number there does necessarily occur the BoseEinstein condensation of the dressed bosons with zero momentum. Then we can regard the condensed assembly and the remaining one (this indicates the assembly of the dressed bosons with nonzero momentum) as the super component and the normal component in Liquid He-II, respectively. Thus we can give the microscopic foundation for the two-fluid model. When a dressed boson with zero momentum is excited, the excitation energy will presumably display the phononroton character due to the effect of the interaction cloud. Hence, the dressed bosons with zero momentum have no friction with the wall owing to the Landau criterion. It should be noted here that the superfluidity***) can be observed not only at zero temperature but also at non-zero temperature below the A-point, since the macroscopic number of the dressed bosons is condensed at zero momentum owing to the Bose-Einstein condensation. Even in a three-dimensional system, we may also expect that there exists a similar drastic change of the excitation energy (4· 21) when the condensate vanishes. It seems to the present authors that this drastic change may serve as the origin of the logarithmic divergence of the specific heat at the A-point. Thus, Landau's idea can be harmonized with London's idea under the concept of the dressed bosons.
If our viewpoint mentioned above is valid in liquid helium II, the super component is composed of the condensate of dressed bosons (not of bare helium atoms). Therefore, the authors hope that the quantity < Wo ..... oIAo* AoIWo .... o> rather than the quantity****) < Wo ..... ol ao * aoIWo ... o> In will be measured experimentally.
where a = 2;rx/L, and
The det( Cs--t( a)) stands for a determinant of (11 -1) X (11 -1) matrix of which an element with (j + l)-th row and j-th column is given by
;rt Thus, the proof of Formula B is completed.
[Formula C] The operator G( v) given by (3'1) is a unitary operator and yields the following Galilei-transformation:
The operator Gn( v) in (3'2) can be readily seen to transform the free eigenstate in (2'1) of III as follows: 
